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EFFECT OF WETTABILITY ON THE BEHAVIOR

OF A LIQUID DROP AFTER ITS COLLISION

WITH A SOLID SUBSTRATE

UDC 532.501.32:535.347:535.52V. T. Borisov,1 A. N. Cherepanov,2

M. R. Predtechenskii,3 and Yu. D. Varlamov3

A mathematical model is developed for the behavior of a small-diameter liquid drop after its collision
with a solid surface, where the action of viscous forces can be neglected. The model takes into
account the effect of adhesion interaction between the liquid and the substrate. Depending on the
Weber number and equilibrium limiting wetting angle, it is shown that three regimes of drop motion
are possible: adhesion without rebound, adhesion after rebound, and separation at the end of rebound.
Regions of existence of these regimes are determined.

Key words: drop, substrate, collision, adhesion, limiting wetting angle, mathematical model.

Introduction. A collision of a liquid drop with a solid surface was considered in many papers in studying
erosion of blades of hydraulic and steam turbines, blades of helicopter propellers, shields of antennas of aircraft
radars, etc. [1–3]. Further development of investigations in this direction is associated with studying the pro-
cesses of formation of powder coatings [4–6], deposition of ink microdroplets during of jet printing [7], and the
behavior of small particles of solder injected onto a solid substrate (this process is used for assembling elements in
microelectronics [8–14]).

In known mathematical models [8–14] proposed for the description of drop spreading on a substrate, the
adhesion interaction of the liquid with the surface is taken into account rather approximately; therefore, the solutions
obtained do not provide a detailed description of flattening, rebound, and recoil of particles from the substrate
surface with limited wettability.

Based on the laws of conservation of mass and energy, a mathematical description of the behavior of a liquid
drop after its incidence onto a solid surface is suggested in the present work. In contrast to the known model [4], it
is assumed that the particle has a spherical shape at the moment of collision. In addition, the effect of capillary and
adhesion effects is taken into account, which offers an adequate description of the processes of particle spreading
and rebound and also the conditions of particle separation from the substrate.

Mathematical Model of the Process. Let a liquid drop of radius H0 be incident onto a solid substrate
perpendicular to the surface. The liquid is incompressible, and there is no heat exchange with the ambient medium
and the substrate. It is also assumed that the shape of the flattening drop (Fig. 1a) is symmetric about the z axis
and, at the time t, can be presented in the form of a spheroidal segment HM2hH and a toroidal disk hM2M1ROh

with a lateral semicircumference RM1M2R whose diameter is h. Note, in contrast to the model [4], the suggested
shape of the drop is more adequate to the experimentally observed morphology of the particle at the initial stage
of spreading [9, 11].

The velocity field inside the particle is set as follows: the velocity is identical everywhere inside the segment
and is characterized only by the vertical component v = v(t), the velocity inside the disk is characterized only by
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Fig. 1. Calculated shape of the drop during spreading (surge) (a) and during rebound (b).

the radial component u(r, t), where

u = − r

2h
v(t), 0 6 r 6 R,

u = − R2

2hr
v(t), R 6 r 6 R+

h

2

(1)

(R is the radius of the contact spot on the substrate).
The first expression in (1) is obtained under the condition that, for an arbitrary ri, the flux of the substance

through the surface Mri whose area is 2πrih (0 6 ri 6 R) is equal to the flux through the surface hM whose area
is πr2

i (Fig. 1a). The second expression follows from the solution of the continuity equation for an incompressible
liquid under the condition that the first equality in (1) is satisfied at the boundary r = R. In this case, we have
v(t) = Ḣ(t) [H(t) is the total height of the particle; the dot indicates the derivative with respect to t].

To calculate the energy quantities, we first determine the expressions for the geometric characteristics of the
corresponding elements of the deformed particle (Fig. 1a). The volume Ω1 and surface S1 of its spheroidal part are
described by the relations

Ω1 = π(H − h)((H − h)2 + 3R2)/6, S1 = π((H − h)2 +R2), (2)

and those for the toroidal part, by the relations

Ω2 = πh(R2 + πRh/4 + h2/6), S2 = πh(πR+ h). (3)

It is also assumed that the parameters h and H are related as

h = H(1−H/H0)n, (4)

where H0 is the initial drop diameter and n is a constant chosen for best fitting to the experiment. From the
condition of a constant volume of the drop Ω1 + Ω2 = πH3

0/6, where the expressions for Ω1 and Ω2 follow from (2)
and (3), we obtain the dependence R(H) in the form

R = h

√
Y 2 − H3 −H3

0

3h2(H + h)
+
H

h

H − h
H + h

− Y,

where Y = (π/4)[h/(H + h)]; the value of h is determined by formula (4).
The potential energy of the drop–substrate system is found from the relation

P = (S1 + S2)σ12 + πR2(σ13 − σ23)− πH2
0σ12,

where σ12, σ13, and σ23 are the surface tensions on the liquid–gas, liquid–substrate, and substrate–gas interfaces,
respectively. Here, the potential energy of the initial state P0 = πH2

0σ12 corresponding to the moment when the
drop touches the substrate is used as a reference point. We determine the total kinetic energy of the drop K by

integrating its elementary values over each of the above-mentioned volumes Ωi: K =
ρ

2

∑
i

∫
v2
i dΩi, where ρ is the

density of the liquid.
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We pass to dimensionless quantities, using H0, v0, and K0 = πH3
0ρv

2
0/12 for scaling. After appropriate

transformations, we obtain the following expressions for the dimensionless functions K̄ = K/K0 and P̄ = P/K0:

K̄ = v2(1− h3F (z)), P̄ = 12[(H̄ − h̄)2 + h̄2(G(z)− z2 cos θ)− 1]/We . (5)

Here H = H/H0, z = R/h, h̄ = h/H0, v̄ = v/v0, v0 is the velocity of collision between the drop and the substrate,
θ is the equilibrium limiting wetting angle, We is the Weber number, G(z) = 1+πz+z2, and F (z) = G(z)−3z4I(z),
where

I(z) =


(4z2 − 1)1/2 arctan

√
2z − 1
2z + 2

− 1 + πz, 2z > 1,

(1− 4z2)1/2 ln
∣∣∣√1− 2z +

√
1 + 2z√

1− 2z −
√

1 + 2z

∣∣∣− 1 + πz, 2z 6 1.

(6)

In the case of drop spreading (surge), an increase in surface energy of the drop, release of heat Q due to
the work performed by adhesion forces [A = 2πR2σ12(1 + cos θ)], and dissipation of this heat (except for the case
cos θ = −1, where A = 0) are observed. The law of energy conservation in this period has the form

K̄ + P̄ + Q̄ = 1. (7)

In what follows, the bar over the dimensionless quantities is omitted. Since the rate of drop spreading during surge
is significantly higher than the rate of natural spreading of the drop over the substrate under the action of molecular
forces, the greater part of work of adhesion in the surge stage is converted into heat. Therefore, assuming that
Q̄ = Ā, where

Ā = 12R̄2(1 + cos θ)/We, (8)

and substituting expressions (5), (6), and (8) into (7), after appropriate transformations, we obtain the differential
equation that describes the surge stage:

(1− h3F (z))Ḣ = 1− 12((H − h)2 + h2G(z) +R2 − 1)/We, R = zh.

Here we take into account that v = Ḣ; the dot indicates the derivative with respect to the parameter τ = tv0/H0.
To solve this equation, we use Eqs. (3) and (4) and the initial condition H(0) = 1. The equation is valid until the
maximum spreading of the drop reached at the time τ = τ∗ determined by the equality K(τ∗) = 0.

Thus, the kinetics of the considered spreading process depends only on the Weber number We. In particular,
the parameters of the maximum spreading (time τ∗, contact-spot radius R∗, and height H∗) depend only on the
Weber number; the quantity R∗ is satisfactorily approximated by the formula

R∗ =
√

(w − 1/w2)/3, w = 1 + 0.15 We . (9)

In the process of the reverse motion of the drop (rebound), the natural shape is a spherical segment (Fig. 1b)
acquired by the drop after spreading is finished. This process of transformation of the shape shown in Fig. 1a to
the shape shown in Fig. 1b is caused by the tendency to equalization of the Laplace pressure and minimization of
the surface area of the drop and, apparently, occurs so rapidly that the time needed for this transformation can be
ignored. The shape is changed with a constant radius of the contact spot R∗ and an unchanged volume of the drop.
As a result, the new height of the drop H∗∗ is determined by the equation

H∗∗(H2
∗∗ + 3R2

∗) = 1. (10)

In transformation, some part of the potential energy of the drop dissipates because of the decrease in its surface
area. After transformation, the potential energy can be determined as

P∗∗ = 12(H2
∗∗ +R2

∗(1− cos θ)− 1)/We . (11)

The distribution of velocity components of the liquid flow inside the segment at the stage of rebound is
accepted in the form

v = zḢ/H, u = −rḢ/(2H), (12)

which ensures satisfaction of the continuity equation. The kinetic energy is calculated by integrating the kinetic
energy density equal to ρ(v2 +u2)/2 over the segment volume. The potential energy is determined by the expression

P = 12(H2 +R2(1− cos θ)− 1)/We . (13)
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Fig. 2. Regions of drop motion on the substrate: adhesion without rebound (I), adhesion after rebound (II), and
separation after rebound (III); curves 1 and 2 refer to the “quiescent” state and separation; the points are the
experimental data of [11].

Fig. 3. Variation of the relative height H̄ (1) and contact-spot diameter D̄ (2) during drop spreading and rebound
with subsequent adhesion to the substrate for We = 15 and θ = 45◦.
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Fig. 4. Relative values of the contact-spot diameter (1,
3, and 4) and liquid-drop height (2) versus the Weber
number: curves 1 and 2 refer to numerical calculations,
points 3 are the experimental data of [13], and points 4
show the calculation by formula (9).
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The work of separation of the drop from the substrate, equal to the work of adhesion, is performed due to energy
of the drop; therefore, the law of energy conservation has the form

K + P = P∗∗. (14)

Integrating the kinetic energy density over the segment volume with allowance for (12) and substituting the resultant
expression and relation (13) into (14), we obtain the differential equation that describes the rebound stage:

Ḣ2ϕ(H) + 12(H2 +R2(1− cos θ)− 1)/We = P∗∗. (15)

Here ϕ(H) = (13/90)H3 + 11/36 + (1/36)H−3 and the value of P∗∗ is determined by Eqs. (10) and (11). Equa-
tion (15) is solved under the initial condition H(0) = H∗∗.

Analysis of Results. The results of numerical investigations showed that the behavior of the drop on the
substrate after the maximum spreading of the liquid depends significantly on the Weber number and equilibrium
limiting wetting angle θ. Three regimes of drop motion are possible: adhesion without rebound, adhesion after
rebound, and separation at the end of rebound. The existence regions for these regimes are determined (Fig. 2).
For values of We and θ corresponding to curve 1 (“quiescent” curve), the drop after the maximum spreading acquires
a thermodynamically equilibrium shape. The angle at the drop base after transformation equals the equilibrium
limiting wetting angle, and no rebound is observed after spreading. Below this curve, there is no rebound either, but
the angle at the base of the transformed drop differs from the equilibrium value. Above curve 1, at a small distance
from it, rebound occurs with a low velocity. The latter increases with approaching of the figurative point (We, θ) to
curve 2 above which there occurs drop separation from the substrate with a velocity increasing with distance from
this curve. Rebound with subsequent adhesion is observed if the point (We, θ) is located between curves 1 and 2.

It was experimentally found in [12] that, for We = 0.7, a mercury drop colliding with a glass substrate
(θ = 123◦) moves backward after spreading with subsequent adhesion; for We = 1.2, it recoils from the substrate
at the end of rebound. These values of We and θ correspond to the points in Fig. 2. They are located close to
boundaries 1 and 2 of the corresponding regions.

Figure 3 shows the dynamics of the behavior of the drop on the substrate. When complete spreading is
reached at the time τ = 1.64, the drop shape changes rapidly; after that, at given values We = 15 and θ = 45◦, the
rebound stage occurs, which is completed by drop adhesion to the substrate.

The solid curves in Fig. 4 show the calculated dependences of the drop spreading parameters on the Weber
number. Points 3 refer to the experimental data on the diameter of the maximum spreading of drops of water
and water solutions of sodium carbonate over a steel substrate for various Weber numbers [13], and points 4
are the results of calculations by the approximate formula (9). The greater calculated values of the contact-spot
diameter during the maximum spreading are, probably, caused by the neglect of viscosity of the liquid medium in
the mathematical model. Taking into account the experimental errors and the assumptions used in constructing
the mathematical model, we believe that the agreement of numerical and experimental results can be considered as
satisfactory.

The model proposed can be used to rapidly evaluate the parameters of the process under consideration, since
the calculation time of one variant on IBM-482 is about 1 min.
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